In this paper, some characterizations of median and quasi-median graphs are extended to general isometric subgraphs of Cartesian products using the concept of an imprint function as introduced by Tardif. This extends the well-known concepts of medians in median graphs as well as imprints in quasi-median graphs. We introduce absolute C-median graphs in analogy to absolute retracts, and derive a connection with the canonical isometric embedding of graphs into Cartesian products. Absolute C-median graphs strictly include classes of irreducible graphs and absolute (weak) retracts as well as many medianlike classes, such as weakly median graphs, pre-median graphs, and weakly modular graphs. New characterizations of quasi-median graphs and of median graphs are obtained along the way. Finally, we propose a conjecture on amalgamation procedure for absolute C-median graphs, and prove the fixed box theorem for this class modulo the conjecture.
Introduction
Median graphs are defined as graphs in which every triple of vertices has a unique vertex (called a median) which simultaneously lies on some shortest paths between each pair of the triple. Several generalizations of median graphs have emerged in years, extracting different properties of median graphs. Let us mention the recently introduced classes of weakly median graphs due to Bandelt and Chepoi [2] , and fiber-complemented graphs due to Chastand [7] . Concerning quasi-median graphs which have been introduced by Mulder [23] in the late seventies, an extensive structure theory has been developed [5, 9, 10, 18, 22, 23, 32] , mostly by extending previously known results on median graphs. For further references on median graphs see the latest survey by Klavžar and Mulder [20] .
Isometric subgraphs of hypercubes have first been investigated by Graham and Pollak [13] , where they were used as a model for a communication network. Later they have been considered by other authors, notably Djoković [11] and Winkler [33] , who provided new characterizations. A natural non-bipartite extension of this class are isometric subgraphs of Hamming graphs, also called partial Hamming graphs (Hamming graphs are Cartesian products of complete graphs). Several characterizations and many results concerning this class are known [6, 8, 31] .
Median graphs are isometric subgraphs of hypercubes, as quasi-median graphs are isometric subgraphs of Hamming graphs. It seems to be surprising that median graphs, resp. quasi-median graphs, have not been studied more thoroughly with respect to their isometric embeddings in hypercubes, resp. Hamming graphs (see [17, 19] for the recent developments in this direction). The most important results that involve these relations are due to Mulder [23, 24] and Chung et al. [10] , where the concepts of median and imprint closure were used. Also, median graphs have been characterized as retracts of hypercubes [1] , and quasi-median graphs as weak retracts of Hamming graphs [10, 32] .
Recently, Tardif developed a far more general approach [30] . In his paper, weak retracts of Cartesian products of finite metric spaces are considered, and a fixed box theorem is proved. For our purposes this can be relaxed to the Cartesian product of graphs and their weak retracts, so this clearly extends the fixed cube and fixed Hamming graph theorems for median and quasi-median graphs, respectively (see a recent monograph [18] of Imrich and Klavžar for more details and further references). As an important tool in the proof Tardif used the so-called imprint function (called a median function there, which is already an established term in the theory of consensus [21] ), which generalizes the concept of medians for median graphs as well as imprints for quasi-median graphs. The first and main objective of this paper is to explore this concept and generalize several results on median and quasi-median graphs. Along this study we introduce the natural class of absolute C-median graphs, and characterize them via the well-known canonical isometric embedding of a graph into the Cartesian product of graphs as introduced by Graham and Winkler [14] (see also [12] ).
In the next section we fix the notation and state some preliminary results. In Section 3 a characterization of quasi-median graphs using the quadrangle property is derived, which is an extension of the result on median graphs by Klavžar and Mulder [20] . Using this result as a model and some of the methods developed for median graphs, a characterization of imprint function closed isometric subgraphs of Cartesian products of graphs is proved in Section 4. In Section 5, a characterization of median graphs via the sets (which are frequently used in the study of median graphs and related classes of graphs) is generalized to imprint function closed isometric subgraphs of Cartesian products of graphs.
In Section 6 we introduce absolute C-median graphs, and we show that they are precisely the graphs which are closed for the imprint function in the canonical isometric embeddings of such graphs. We derive that absolute Cmedian graphs strictly include the class of absolute (weak) retracts as well as several median-like classes. In the last section we present a conjecture about absolute C-median graphs which involves a so-called amalgamation procedure. This would be an extension of amalgamation theorems for median, quasi-median and weakly median graphs [5] , and close to results on fibercomplemented graphs and pseudo-median graphs (another generalization of median graphs [4] ). Finally, we give a relatively short proof (modulo this conjecture) of the fixed box theorem for absolute C-median graphs [18, 30] .
Notation and preliminaries
Let = ( ( ), ( )) be a connected graph. A path of length between vertices and will occasionally be called a -path or a , -path. A shortest , -path will also be called a , -geodesic. The distance in between vertices , is denoted ( , ) (or ( , )) and is defined as the length of a , -geodesic. A subgraph of a graph is called isometric if ( , ) = ( , ) for all , ∈ ( ). A set ( , ) of vertices in which lie on some shortest path between vertices , ∈ ( ) is called an interval. An induced subgraph of is convex if ( , ) ⊆ ( ) for all , ∈ ( ). A subgraph of a graph will be called 2-convex (in ) if for any two vertices , ∈ ( ), such that ( , ) = 2 all common neighbors of and are in . A subgraph of a graph is called gated in if for every ∈ ( ) there exists a vertex in such that ∈ ( , ) for all ∈ ( ). If, for some , such a vertex in ( ) exists, it is unique, and is called the gate ( ) of in . The function : ( ) → ( ) which assigns the gate in to each vertex of a graph is called gatedness function.
The Cartesian product = 1 2 . . . of graphs 1 , 2 , . . . , has the set of vertices ( ) = ( 1 )× ( 2 )×. . .× ( ), and two vertices = ( 1 , 2 , . . . , ), = ( 1 , 2 , . . . , ) of are adjacent if there exists an index (1 ≤ ≤ ) such that ∈ ( ) and = for all ∈ {1, 2, . . . , } ∖ { } .
If ⊆ ( ) then ⟨ ⟩ stands for a subgraph induced by vertices of . For a vertex = ( 1 , . . . , ) ∈ ( ) we call the subgraph if is isomorphic to an isometric subgraph of . Graphs that can be represented as Cartesian products of graphs are often called Cartesian product graphs, and we shall call their isometric subgraphs partial Cartesian product graphs (note that this definition is a relative one, so its precise meaning should be always understood from the context). It is obvious that the distance in a Cartesian product between two vertices equals to the sum of distances of their coordinate vertices in factors (because of isometry this also holds in partial Cartesian products).
As the original definition of quasi-median graphs is a bit involved (see Mulder [23] ) we shall introduce quasi-median graphs below by one of their numerous characterizations [5] . First some notation. A maximal complete subgraph of is called a clique in . We introduce subgraphs of a connected graph , induced by the following sets which are obtained with respect to an edge :
has a neighbor in }.
A graph is quasi-median if every clique in is gated and subgraphs are convex for all edges in . (The subgraphs induced by will be called -subgraphs. ) We say that a graph satisfies the triangle property if for any vertices , , ∈ ( ) where ( , ) = ( , ) = ≥ 2 such that ∈ ( ), there exists a common neighbor of and such that ( , ) = − 1. A graph satisfies the quadrangle property if for any , , , ∈ ( ) such that ( , ) = ( , ) = ( , ) − 1 and ( , ) = 2 with a common neighbor of and , there exists a common neighbor of and such that ( , ) = ( , ) − 1. A graph which satisfies the quadrangle property is called meshed, and a graph which satisfies both the quadrangle and the triangle property is called weakly modular. The following characterization of quasi-median graphs is due to Chung et al. [10] (see also [5] ).
Theorem 1 A graph is quasi-median if and only if is a weakly modular graph and does not contain any 4 − or 2,3 as an induced subgraph.
Quasi-median graphs
We shall obtain two new characterizations of quasi-median graphs via partial Hamming graphs by using the quadrangle property. The first is an extension of the following result by Klavžar and Mulder.
Theorem 2 [20] A connected, bipartite graph is a median graph if and only if it is meshed isometric subgraph of a hypercube.
The second one is an extension of the result due to Bandelt, cf. [20] , which is a stronger form of the theorem above, where " 2,3 -free graph" replaces "isometric subgraph of a hypercube". The graph obtained from (i) is a quasi-median graph.
(ii)
is a meshed partial Hamming graph without a convex house.
is a meshed graph without a convex house, and has no induced 2,3 or 4 − and if a vertex ∈ ( ) has the same distance to adjacent vertices and of , then any two neighbors ∈ and ∈ of are adjacent.
Proof. Considering the properties of quasi-median graphs implication (i)⇒(ii) is obvious, and considering the properties of partial Hamming graphs so is (ii)⇒(iii) (see [31] or [6] ).
(iii)⇒(i): By Theorem 1 we only need to prove the triangle property for . Let , , ∈ ( ) be vertices such that ( , ) = ( , ) = ≥ 2, and ∈ ( ). If = 2 then by the last property of (iii) we obtain the house in . Since the house must not be convex, its convex closure contains another vertex (because if we would have any additional edges between vertices of the house, we would obtain a 4 − as a subgraph, and infer a contradiction). Now if were adjacent to and the other neighbor of we would obtain a 2,3 as a subgraph, which is again a contradiction (or by adding edges to 2,3 we again obtain a 4 − ). Hence, must be adjacent to and to at least one of the vertices and , and we may assume without loss of generality that is adjacent to . But then by the last property of (iii) in one of the new 5 s we infer that is also adjacent to hence the triangle property holds for the case = 2.
Suppose is a vertex in such that for adjacent vertices and the triangle property fails with respect to = ( , ) = ( , ) being as small as possible in . Let 1 , 1 be neighbors of on shortest paths from to , respectively to . Since is chosen to be the smallest distance by which the triangle property fails we infer that 1 ∈ and 1 ∈ , and we deduce by the last property of (iii) that 1 is adjacent to 1 . Thereby
where ′ is a neighbor of on a shortest path from to . Using quadrangle property for these vertices we infer that and ′ have a common neighbor such that ( 1 , ) = − 2. Now ( , ) = ( , ′ ) = − 1, and by triangle property there exists a common neighbor ′ of ′ and such that ( , ′ ) = − 2. We obtain the house on vertices ′ , , ′ , and , and with the same argument as above we deduce that , and ′ have a common neighbor such that ( , ) = − 1. The proof is complete.
Partial Cartesian product graphs and imprint function
In this section, Theorem 3 serves us as a starting point for a generalization to the isometric subgraphs of arbirtrary Cartesian products. First, we recall the well-known fact that the intersection of gated subgraphs is gated. By ⟨⟨ ⟩⟩ we denote the smallest gated subgraph which includes a subset of ( ). We call : ( ) × ( ) × ( ) → ( ) where for vertices , , ∈ ( ), ( , , ) is the gate for in ⟨⟨ , ⟩⟩ an imprint function [30] . If the graph is understood from the context we write simply ( , , ). We say that a subgraph of a graph is imprint function closed if ( , , ) ∈ for any , , ∈ ( ). It is clear that the imprint function coincides with the concepts of medians in median graphs, and imprints in quasi-median graphs. A partial Cartesian product graph that is closed for the imprint function in the corresponding Cartesian product graph will be called a C-median subgraph of . (Note that without loss of generality, the closedness of the imprint function may be viewed only in ( ) = 1 ( ) ⋅ ⋅ ⋅ ( )). We introduce a C-quadrangle property which is similar to the ordinary quadrangle property introduced in Section 2, yet is involved with the Cartesian products (one may read C-quadrangle as Cartesian product quadrangle). Let be an isometric subgraph of = 1 2 ⋅ ⋅ ⋅ . We say that satisfies a C-quadrangle property if for any , , , ∈ ( ) such that ( , ) = ( , ) = ( , ) − 1, and ( , ) = 2 with being a common neighbor of and , such that and are in different layers of , the common neighbor ∈ ( ) of and ( ∕ = ) is also in . Note that ( , ) = ( , ) − 1. Clearly, in quasi-median graphs C-quadrangle property and quadrangle property coincide. We call a graph C-meshed if it satisfies the C-quadrangle property.
Note that in contrast to the ordinary quadrangle property the vertex is necessarily unique by definition of C-meshed graphs. However this difference is only virtual because as soon as there are two such vertices in a meshed graph , say 1 , 2 which are both neighbors of and , we infer that , , 1 , 2 and induce a 2,3 , which trivially implies that and are in the same layer for any isometric embedding of in a Cartesian product of graphs. Hence the C-quadrangle property is an extension of the ordinary quadrangle property.
Let us state the main result of this section.
Theorem 4 Let
be an isometric subgraph of
is a C-median subgraph of if and only if is C-meshed in and every sublayer ( ) is gated in ( ) (for all = 1, . . . , ; ∈ ( )).
Note that in isometric subgraphs of Hamming graphs cliques are equal to sublayers. Hence from Theorem 4 we immediately infer another characterization of quasi-median graphs, which is a somewhat weaker form of Theorem 3:
Corollary 5 A graph is a quasi-median graph if and only if is a meshed isometric subgraph of a Hamming graph in which every clique is gated.
For the proof of Theorem 4 we shall first prove that the C-quadrangle property and the gatedness of sublayers are necessary conditions for a graph to be closed for imprint function in a Cartesian product of graphs. The following two results by Tardif are not hard to prove, and will be used several times in this section. The first one connects gated subgraphs to the imprint function while the second one characterizes gated subgraphs in Cartesian products of graphs. We are ready to prove one direction of Theorem 4:
Then is C-meshed and every sublayer ( ) is gated in ( ) (for all = 1, . . . , ; ∈ ( )).
Proof. First observe that by Lemma 6 a sublayer is gated in . Indeed, for any , ∈ ( ) and ∈ ( ), the vertex ( , , ) is in because is C-median, and obviously ( , , ) ∈ . Thus ( ) is gated in ( ).
Suppose that for vertices , , , ∈ ( ) we have ( , ) = ( , ) = ( , ) − 1, and is a common neighbor of and , such that and are in different layers of . Obviously ⟨⟨ , ⟩⟩ must include the common neighbor of and for which ( , ) = ( , ) − 1 holds. Now, it is a straighforward check that = ( , , ( ( , , ), , ( , , )) ) thus ∈ ( ), so is C-meshed.
The rest of this section is devoted to the proof of the converse of Lemma 8. We begin with the obvious remark which shall be used implicitly.
Lemma 9 Let
be an isometric subgraph of a graph , and a subgraph of which is gated in . Then also is gated in .
We shall now introduce some concepts that have been used in the study of median graphs (see Klavžar and Mulder [20] ), and can be adjusted to work in a more general context. The distance of a vertex to a path :
. With respect to a vertex we call an edge +1 of an upward edge if ( , ) − 1 = ( , +1 ), a downward edge if ( , ) = ( , +1 ) − 1, and a cross edge if ( , ) = ( , +1 ).
Lemma 10 Let 1 , 2 , . . . , be connected graphs, let be a C-meshed, isometric subgraph of a Cartesian product = 1 ⋅ ⋅ ⋅ , and a 2-convex subgraph of such that every sublayer ( ) is gated in ( ) (for all = 1, . . . , ; ∈ ( )). Then is gated in .
Proof. First note that since a sublayer ( ) is gated in ( ), also is gated in ( ) = 1 ( ) ⋅ ⋅ ⋅ ( ) (using Lemma 7). Hence, by the above lemma, is gated in because is isometric in ( ). Let be an arbitrary vertex in and let be a nearest vertex in to . We shall prove that for any vertex ∈ , we have ∈ ( , ). Let : = 0 → 1 → . . . → = be a shortest path in between and such that ( , ) is minimized. We need to prove that all edges on are downward with respect to .
If two consecutive edges +1 , +1 +2 are edges of different layers such that +1 is downward while +1 +2 is upward then by the C-quadrangle property we obtain another vertex in which is closer to than the other three vertices. Because is 2-convex in we deduce that is also in . Hence by changing in these two edges with , +2 we obtain another shortest , -path in such that the distance from to that path is less than ( , ), a contradiction.
It remains to check the case when there is a cross edge on or when the two consecutive edges that are downward and upward, respectively, lie in the same layer. The approach for these two cases is similar so we shall consider them parallely. If +1 is a cross edge on then by definition ( , ) = ( , +1 ), and clearly , +1 are in the same sublayer for some ∈ {1, . . . , }. By the observation in the beginning of this proof there exists a gate ′ for in , and obviously ( ′ , ) = ( ′ , +1 ). On the other hand, if +1 +2 is an upward edge, such that +1 is in the same layer and downward with respect to , then by definition ( , +2 ) = ( , ) = ( , +1 ) − 1. Again let ′ be a gate for in , and obviously ( ′ , +2 ) = ( ′ , ) = ( ′ , +1 ) − 1. Now, in both cases ′ cannot be on otherwise we would have a shortcut from ′ to +1 (respectively to +2 ) avoiding . Hence in both cases we have the following situation: there exists an edge on which is in sublayer , such that the first vertex of that reaches is not the gate for in . Let be a vertex on with as small as possible, such that +1 is the first edge in a sublayer and is not a gate for in . Clearly > 0, because if would not be a gate for in the sublayer with the edge 1 , then would not be the nearest vertex to in . So, let ′ be the gate for in . Note that since this is the first such case on , all edges on from to are downward with respect to , hence they are on a , -geodesic. Let be a neighbor of in which is in ( , ′ ). Note that ( , −1 ) = ( , ) = ( , ) − 1, and vertices −1 , and cannot be in the same layer (because this would contradict the minimality of ). Therefore by the C-quadrangle property there exists a vertex −1 in , which is a neighbor of −1 and , such that ( , −1 ) = ( , ) − 1. Since is 2-convex, −1 is also in . Now observe that , −1 , −1 are in the same situation, that is ( , −1 ) = ( , −2 ) = ( , −1 ) − 1 and vertices −2 , −1 and −1 are not in the same layer. By repeating this argument times we infer that there exist a neighbor 0 of and 1 which is closer to than and 0 ∈ ( ). This is a contradiction to being the closest vertex to in . Hence, all edges on are downward with respect to , thus ∈ ( , ), and is gated in .
Lemma 11 Let 1 , 2 , . . . , be connected graphs, a C-meshed, isometric subgraph of a Cartesian product 1 ⋅ ⋅ ⋅ such that each sublayer ( ) ( = 1, . . . , ; ∈ ( )) is gated in ( ), and a gated subgraph of ( ) = 1 ( ) ⋅ ⋅ ⋅ ( ). Then ∩ is gated in .
Proof. Observe that by Lemma 10 we only need to prove that ∩ is 2-convex in and that each sublayer (( ∩ ) ) is gated in ( ) for all ∈ ( ∩ ), = 1, . . . , . Since is gated in ( ), it is clearly 2-convex in ( ), hence ∩ is 2-convex in . For the second part observe that by definition ( ∩ ) is equal to ∩ for all ∈ ( ∩ ), = 1, . . . , . Now, ( ) is gated in ( ), and since is gated in ( ), ( ) is gated in ( ). Using that intersection of gated sets is gated we infer that ( ∩ ) is gated in ( ).
The following result is due to Tardif [30] and has a straightforward proof.
Lemma 12
Let be an isometric subgraph of = 1 2 ⋅ ⋅ ⋅ and let be a gated subgraph of . Then also We now only need to show that = ⟨⟨ , ⟩⟩ ( ) , and let us call to be the smallest gated subgraph of ( ) including and . Then by Lemma 11, ∩ is gated in , thus ⊆ ⊆ . Finally, for each we have ( ) ⊆ ( ) ⊆ ( ) = ( ), and since = 1 ( )□ ⋅ ⋅ ⋅ □ ( ) we have = .
The above proof of the sufficient condition for a graph to be C-median subgraph is essentially the same as the proof of [30, Corollary 4.5], except in Lemma 11 (and hence all preceding lemmas) where we have done most of the work.
Gatedness of W-subgraphs
In this section we shall prove a characterization of C-median subgraphs using the gatedness of so-called W-subgraphs.
First, let us present another definition of subgraphs which is obtained when a quasi-median graph is embedded isometrically in the Cartesian product of complete graphs. We shall do this in a more general setting. Let be a subgraph of a Cartesian product = 1
2
. . . and ∈ ( ). Set
We define to be a subgraph induced by vertices of such that ∈ if and only if ( ) = ( ). Obviously = ∩ , and in quasi-median graphs coincides with as soon as is in the -th layer, so this is an extension of the concept of -subgraphs.
Theorem 13
Let be an isometric subgraph of
is a C-median subgraph of if and only if every subgraph is gated in ( ∈ ( ), 1 ≤ ≤ ).
Proof. First let be imprint function closed in . Then is Cmeshed, and by Lemma 10, for the gatedness of subgraphs in , we need to show that they are 2-convex in , and that every sublayer of is gated in ( ). Since 2-convexity is trivial, and every sublayer of is either a vertex or equal to a sublayer of , we are done in this direction.
For the converse we will use Theorem 4. Let be an isometric subgraph of in which every subgraph is gated. Let us first assume that the Cquadrangle property does not hold for . Then there are vertices , , , ∈ ( ), where ( , ) = ( , ) = ( , ) − 1, is a common neighbor of and , and the other common neighbor of and is not in . Also, is in an -layer and in a -layer, where ∕ = . In addition, we have chosen these four vertices in such a way that ( , ) is minimum with respect to all these conditions. From the proof of Lemma 8 we infer that cannot lie in . Let be an index different from and , such that ( ) ∕ = ( ). We claim that is not gated. Indeed if ′ is a gate for in then we would have ( ′ , ) = ( ′ , ) = ( ′ , ) − 1, and ( ′ , ) would contradict the minimality of ( , ), that is, would be in .
Secondly suppose that a sublayer ( ) is not gated in ( ). Using Lemma 6 we infer that there exist vertices , ∈ , ∈ − which is in ⟨⟨ , ⟩⟩ ( ) , and ∈ ( ) such that ( ) = ( ). Let be the closest to among such vertices of , and let be any index such that ( ) ∕ = ( ). We claim that is not gated. If would be gated then, by Lemma 12, a gate for in is the same as the gate for in , and the latter is ∈ , for which ( ) = ( ) as soon as ∕ = . Hence ( ) = ( ), and since ( , ) < ( , ), we are in a contradiction with the minimality of ( , ). We deduce that is imprint function closed in .
Djoković proved [11] that bipartite graphs in which every subgraph is convex are precisely isometric subgraphs of hypercubes. So we infer from the above theorem: Corollary 14 A connected bipartite graph is median if and only if every subgraph is gated.
Absolute C-median graphs
The closedness of the imprint function of an isometric subgraph of a Cartesian product of graphs generally depends on the Cartesian product into which is isometrically embedded (e.g. a partial Cartesian product graph is trivially C-median in a Cartesian product with only one factoritself). In analogy to the definition of absolute retracts [15] we introduce absolute C-median graphs as graphs which are C-median subgraphs of any Cartesian product of graphs into which they are isometrically embeddable. The advance of this terminology is that we can avoid the Cartesian products setting, and speak of this class and properties as of any graph class. Note that the results from previous sections hold for this class of graphs. We will show that this class includes absolute retracts, median graphs, as well as several generalizations of median graphs.
Let us recall that a graph is called a retract of a graph if there exists a homomorphism : ( ) → ( ) of which restriction to ( ) is an identity (a more general concept of weak retracts is often studied, where the definition of homomorphism is generalized in such a way that may collapse edges to single vertices). Absolute retracts of graphs were introduced by Hell [15] ; they are defined as graphs that are retracts of any graph into which they are isometrically embeddable. Absolute (weak) retracts were studied by several other authors, who found also various applications of these graphs [3, 15, 16, 25, 26, 27, 28] . Now, Tardif proved [30, Corollary 4.5] that the weak retracts of a Cartesian product of graphs are C-median subgraphs of this Cartesian product. Hence it is clear that absolute C-median graphs include the class of absolute (weak) retracts. Later in this section we shall see that this inclusion is strict.
The following relation on the edge set of a graph was introduced by Djoković [33] :
The relation Θ plays an important role in the theory of isometric embeddings of graphs [33] . In particular, it is a main tool in the definition of the canonical isometric embedding as introduced by Graham and Winkler [14] . Let us recall that an isometric embedding of in is called irredundant if ( ) = for all = 1, . . . , and each has at least two vertices. We call a graph irreducible if for any isometric embedding of into 1
2
. . . it follows that is isometrically embeddable in one of the factors . The canonical isometric embedding of a graph into a Cartesian product * = * 1 * 2
. . . * is irredundant, its factors are irreducible, and it has the largest number of factors among all irredundant isometric embeddings of [14] . Moreover, for any isometric, irredundant embedding of into 1 2 . . . , its factors are canonically embeddable in the Cartesian product of some * 's.
The following result shows that using the canonical isometric embedding of a graph one can derive whether it is an absolute C-median graph.
Theorem 15 A graph
is an absolute C-median graph if and only if it is C-median for the canonical isometric embedding of into * = * 1 ⋅ ⋅ ⋅ * .
Proof. Obviously only one direction is not trivial, so let be imprint function closed in * . Let = 1 ⋅ ⋅ ⋅ be any graph into which is isometrically embeddable. Note that if an embedding of in is redundant (i.e.
( ) ∕ = for some ) this does not effect the imprint function closedness, so we may assume that is an isometric irredundant subgraph of . All the factors are not irreducible since this would then be the canonical embedding, yet they are canonically embeddable in the Cartesian product of some * s. Note that we may view as an isometric subgraph of * .
By Theorem 4 it is enough to prove the C-quadrangle property and the gatedness of sublayers. The C-quadrangle property is obvious since all edges that are in different layers for the embedding of in , are also in different layers for the canonical embedding, and in the latter the Cquadrangle property holds.
Let be a sublayer in , and let be the smallest gated subgraph of * that includes vertices and of . By Lemma 9 ∩ is gated in , hence ⟨⟨ , ⟩⟩ ⊆ ∩ . Suppose that ∩ has a vertex ∈ − , such that there exists a vertex in , and is gate for in ∩ . Let ′ be a vertex in , such that ( ′ ) = ( ). Then * ( , ′ , ) is not in , so
would not be imprint function closed for the canonical embedding. Therefore ( , , ) ∈ for any ∈ ( ). Using Lemma 6 we infer that each sublayer is gated in , and so ( ) is gated in ( ).
It would be interesting to know whether the above result holds also in the context of weak retracts. That is, by introducing absolute C-weak retracts as graphs that are weak retracts of any Cartesian product of graphs of which they are irredundant isometric subgraphs, the question would be the following. If a graph (which is canonically embeddable in * ) is a weak retract of * , is then already an absolute C-weak retract? Now we can show that absolute C-median graphs are a larger class than absolute weak retracts. Consider the graph obtained from 5 by adding a vertex and an edge between and any vertex of 5 . This graph is canonically embeddable in 5 □ 2 , where it is imprint function closed. Hence it is an absolute C-median graph, but is not a weak retract of 5 □ 2 . A natural question arises: For which graphs the condition on imprint function closedness implies that they are weak retracts of the Cartesian product (quasi-median graphs being the obvious example)? Alternatively, which additional condition(s) should be given to the imprint function such that the graph would be a weak retract? Possibly, such condition(s) could be derived by altering the underlying gatedness which induces the imprint function closure.
Clearly, from Theorem 15 we derive that the class of absolute C-median graphs includes all irreducible graphs. Furthermore, weakly modular graphs are absolute C-median graphs. Indeed, by Theorem 4 one needs to prove the gatedness of sublayers and the C-quadrangle property of the weakly modular graph isometrically embedded in the Cartesian product * = * 1 * 2
. . . * . The C-quadrangle property follows directly from the quadrangle property. For the gatedness of sublayers note that the connected subgraph of a weakly modular graph is gated if and only if it is 2-convex and triangle-closed, cf. [5, 18] . That sublayers of are triangle closed in * follows from the triangle property, while 2-convexity of sublayers is derived from combining the connectedness of with the quadrangle property or the triangle property in (depending on whether vertices in question form 4 or Chastand [7] introduced so-called fiber-complemented graphs as graphs for which the inverse of the gatedness function maps vertices of a gated subgraph to sets which induce gated subgraphs. There is many irreducible graphs which are not fiber-complemented (e.g. 2, 3 ). On the other hand, let be the graph obtained from 4 with vertices 1 , 2 , 3 and 4 , by adding vertices 1 , 2 , 3 , 4 and connect with and +1 for = 1, . . . , 4 (mod 4). Clearly is fiber-complemented but is not an absolute C-median graph.
Amalgamation and a fixed box theorem
Quasi-median and median graphs admit a so-called amalgamation procedure along gated subgraphs from Hamming graphs, respectively hypercubes, which characterizes these graphs [5] . Moreover, this concept is useful in the study of pseudo-median graphs, weakly median graphs, and also fibercomplemented graphs [4, 2, 7] , since all these classes are characterized by some sort of amalgamation procedure from graphs of a certain small subclass. One can prove without much effort that a gated amalgam of two absolute C-median graphs is an absolute C-median graph. We believe that also the converse should be true since Cartesian multiplication and gatedness are the main ingredients of such theorems. Examples that one examines suggest that the proof might be derived using our results on absolute C-median graphs from the previous sections. Unfortunately, this is still an open problem which we shall present in the form of a conjecture. If it is correct, it is wide generalization of the above mentioned results.
A box is a subproduct of a Cartesian product of graphs. A graph is said to be the amalgam of two gated subgraphs ′ , ′′ if ′ ∪ ′′ = , ′ ∩ ′′ ∕ = ∅, and there are no edges between ′ − ′′ and ′′ − ′ . Note that ′ ∩ ′′ is also a gated subgraph. In other words, we say that is obtained by an amalgamation along the common gated subgraph ′ ∩ ′′ of ′ and ′′ .
Conjecture 16
Let be isometrically embedded in a Cartesian product * = * 1 ⋅ ⋅ ⋅ * of irreducible graphs by the canonical embedding. Then is an absolute C-median graph if and only if can be obtained by a sequence of gated amalgamation along gated boxes where each box is a Cartesian product of irreducible graphs. Moreover, each box is isomorphic to 1 □ . . . □ , where is a gated subgraph of some factor * for = 1 . . . , .
This conjecture could also consider a more general case of C-median subgraphs of arbitrary Cartesian product graphs, yet it is reasonable to expect that by proving the conjecture for absolute C-median graphs, one could adjust it to the arbitrary C-median subgraphs.
In the sequel we shall prove the fixed box theorem for absolute C-median graphs assuming that the conjecture is true. In the proof we need two additional results. First is the property of gated sets in metric spaces, which is not hard to prove. Its proof can be found in [30] , where it is called, as usual, the Helly property. The following lemma implies that absolute C-median graphs are closed for gated subgraphs.
Lemma 18
Let be a C-median subgraph of a Cartesian product = ⋅ ⋅ ⋅ and a gated subgraph of . Then is also a Cmedian subgraph of .
Proof. For two vertices , ∈ ( ) let be the gate for ∈ ( ) in ⟨⟨ , ⟩⟩ . Clearly, ∈ ( ) since is imprint function closed, and because is gated, is in .
A subgraph of a graph will be called cutseting if − induces a disconnected graph ( − is a graph obtained from by a removal of vertices of ). Note that a subgraph of is gated and cutseting if and only if is an amalgam of two (or more) gated subgraphs with as their common gated subgraph. In the following result we assume the truth of Conjecture 16.
Theorem 19 [18, 30] Let be an absolute C-median graph. Then contains a gated box that is invariant under every automorphism of .
Proof. If itself is a box then it is trivially fixed under every automorphism of . If not then it can be obtained by a sequence of amalgamations along gated boxes. Suppose that is the smallest graph that contradicts the theorem, and let be an amalgam of gated subgraphs ′ and ′′ with intersection .
We introduce a peripheral subgraph of with respect to a graph in the following way. A subgraph is peripheral if there exists a gated subgraph such that is an amalgam of ∪ ′ and with ∩ = ∅ and ∪ = , where ′ is gated, cutseting and isomorphic to , and there is no other gated, cutseting subgraph isomorphic to in ∪ ′ . Obviously peripheral subgraphs are invariant under every automorphism of . We wish to prove that a graph obtained by a removal of all peripheral subgraphs in with respect to is nonempty and gated. Since is the intersection of gated subgraphs of , it is gated, thus it remains to prove the nonemptyness of . Let 1 , . . . , be gated, cutseting subgraphs in which are isomorphic to , and which are pairwisely nondisjoint. By Lemma 17, ′ = 1 ∩ . . . ∩ ∕ = ∅. If ′ is any gated, cutseting subgraph of which is disjoint with at least one , and if a component of − ′ is peripheral then ∩ ′ = ∅. Hence ′ ∕ = ∅, and since includes ′ , we infer ∕ = ∅. By Lemma 18 is also an absolute C-median graph. By induction hypothesis we infer that includes a gated box which is invariant under every automorphism of . Since is invariant under all automorphisms of , every automorphism of also preserves the gated box of .
The above result was proved by Imrich and Klavžar [18] , who used Tardif's approach from his proof of the fixed box theorem [30, Theorem 1.1] for the weak retracts of Cartesian product graphs. The proofs are rather difficult and rely heavily on Quillot's fixed complete subgraph theorem in Helly graphs [28] . The proof of Conjecture 16 with the use of metric tools would imply a self-contained proof of Theorem 19.
